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Main Goal

Find robust and non parametric estimators to explain linear
dependence and apply them in the construction of covariance
matrices to improve the significance of linear multivariate
statistical models in the presence of outliers

Hypothesis 1

Significance in linear models is too sensitive in the presenc
outliers.

Hypothesis 2

Significance in linear models can be improved with robust
estimators or non parametric estimators
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Population: unknown parameters. 9 == f

Sample: estimators. (9 — Z

n
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Dependent uniform distribution in dimension 2

Central Region

Figure: Random Tukey Depth



Normal distribution in dimension 3

Central Region Projection on X1 and X2

Figure: Random Tukey Depth



Central Region: univariate case
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Central Region: univariate case
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Central Region: bivariate case

Figure: Data



Central Region: bivariate case

Figure: deepest point



Central Region: bivariate case

Figure: Central Region 10%



Central Region: bivariate case

Figure: Central Region 30%



Central Region: bivariate case

Figure: Central Region 40%



Central Region: bivariate case

Figure: Central Region 50%
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functional case
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Central Region: functional case
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functional case

Central Region

70

50

12

Figure: Contaminated Data



functional case

Central Region

12

-2

70

60

50

40

0

3

(0]

2

10

Figure: Central Region , Extremes



Robustness:a fast review
Central Region: bivariate case
Central Region: functional case
General Linear Model (GLM)

Robust GLM, with an explanatory variable
Contaminating a 5%
Contaminating a 10%

Robust GLM, Multiavarite case
Contaminating a 5%
Contaminating a 10%

Non parametric estimators
Conclusions

Research Lines

«O>r «Fr «=>»

<

v



General Linear Model
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General Linear Model

1.2

i i i i
[0} 0.2 0.4 0.6 0.8 1



General Linear Model

1.6
1.4 o
1.2F o




General Linear Model

1.8 (-]
1.6
141 o
1.2+ o




Robust GLM, with an explanatory variable
Contaminating a 5%
Contaminating a 10%



Significant variable

onsets
o T
08l -
06~ -
04~ —
021 -
" " " "
o 20 40 60 80 100 120
Explanatory Signal (HRF)
T
0 20 ) 60 80 100 120
Explained Signal (YIMRI)
T
I | I I |
) 20 20 ) 80 100 120

Y =X+ N(0,1)



Significant variable and Contaminating a

Explained Signal (YIMRI)
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Significant variable and Contaminatinga 5%

T-value Variations
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Significant variable and Contaminatinga 5%

» Normal (i, 0?), both varying from 1 to 100.
» X-axis represents [u; o?] values both varying from 1 to 100.
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T-value Variations

» Normal (0,02), o2 varying from 1 to 100.
» X-axis represents o2 values varying from 1 to 100.
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Significant variable and Contaminatinga  10%

T-value Variations
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» X-axis represents o2 values varying from 1 to 100.



Significant variable and Contaminatinga  10%

» Normal (i, 0?), both varying from 1 to 100.
» X-axis represents [u; o?] values both varying from 1 to 100.
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No Significant variable and Contaminatinga  10%

» Normal (i, 0?), both varying from 1 to 100.
» X-axis represents [u; o?] values both varying from 1 to 100.
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Robust GLM, Multiavarite case
Contaminating a 5%
Contaminating a 10%
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Explained Signal (YIMRI)
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Significant variable and Contaminatinga 5%

Explained Signal (YIMRI)

» Normal (i, 02), both varying from 1 to 100.
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T-value Var iations
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Significant variable and Contaminatinga 5%

» Normal (i, 0?), both varying from 1 to 100.
» X-axis represents [u; o?] values both varying from 1 to 100.
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T-value Variations
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» Normal (0,02), o2 varying from 1 to 100.



Significant variable and Contaminating a

Explained Signal (YIMRI)

10%

T T T T T T T
5 7/\/\/\’\/\/\/%/\”—\/\/\/\,/\/\/\/\_/\/\_‘/’4
ol 4
Il Il Il Il Il Il Il
o 10 20 30 40 50 60 70 80
Points on the time where the signal is contaminated
T T T T T T T
5 B —
o 4
Il Il Il Il Il Il Il
o 10 20 30 40 50 60 70 80
Signal contaminated
T T T T T T T
10— -
s -
o 4
| I I | I I |
o 10 E) 30 ) 50 E) 70 S

» Normal (i, 02), both varying from 1 to 100.



Significant variable and Contaminating a

Explained Signal (YIMRI)

10%

T T T T T T T
5 7/\/\/\’\/\/\/%/\”—\/\/\/\,/\/\/\/\_/\/\_‘/’4
ol 4
Il Il Il Il Il Il Il
o 10 20 30 40 50 60 70 80
Points on the time where the signal is contaminated
T T T T T T T
5 B —
o 4
Il Il Il Il Il Il Il
o 10 20 30 40 50 60 70 80
Signal contaminated
T T T T T T T
10— -
s -
o 4
| I I | I I |
o 10 E) 30 ) 50 E) 70 E

» Normal (i, 1), u varying from 1 to 100.



Significant variable and Contaminatinga  10%

T-value Variations

T T T T T T T T o
20 % S ~ e = TR RobustGLM H
<NV TN —-v-\/ AN | —— Manaeim
10+ TrimingR?
P T-value=2
o —
Il Il Il Il Il Il Il Il Il
o 10 20 30 40 50 60 70 80 90 100
51 Variatons
T T T T T T T oM
RobuSGLM
— A A A A A4 A | —— wanacim
o >~ RV A M AR A S Timi
Real-Botal
Il Il Il Il Il Il Il Il Il
o 10 20 e 0 EY % 70 o % 100
80 Varatons
T T T
s [\ —— RobustGLM
MahaGLM
— O A A AN A |
RS S A= vvv \\//vv \ \7\/\/ | — oo
Sl VOV
1 1 1 1 1 1 1 1

0 10 20 30 20 50 60 70 80 %0 100

» Normal (0,02), o2 varying from 1 to 100.
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» X-axis represents p values varying from 1 to 100.



No Significant variable and Contaminatinga  10%

T-value Vanauon

GLm
« ~ = RobustGLM o
= Q0 - A \}Qf« —Manacuw
of - /VM Triming® [
= T-value=2
" i I i
o 10 20 30 40 50 50 90 100
B1 Variations
4 T T T
GLM
—— RobustGLM
I A A /\A e
TrimingR?
VAM AN /\V@\/VAAA\\/ V A &/\\/}/\\/ Ret-Bota ||
Il Il VW Il V I V«
o 10 = 30 80 % 100
s
sl
|

» Normal (0,02), o2 varying from 1 to 100.
» X-axis represents o2 values varying from 1 to 100.



No Significant variable and Contaminating a

10%

T-value Variatior
4 T T T
GLM
A —— RobusiGLM
MahaGLm ]
EWAAW A SIvY /i 7- T v
7 A A \ AT W V \f’& (N \ « V Triming’e 4
o= T-valve=2 ||
| I I
] 5 % % 0 % % % 80 % 100
B1 Variations
T T T T T T T T o
a- RobustGLMH
——— MahaGLM
2~ TrimingR? il
~ /\/\/\ /\/\/\ Y Real-Betal
v
L L L L L L L L L
o 10 20 30 0 50 60 70 80 %0 100
B0 Variations
! —Gim
A JAVAN —— RobustGLM
T SSo ——— MahaGLM 7
v N rimeg?
10l Real-Betao ||
I I I | I I I I
o 10 20 30 0 50 60 70 80 %0 100

» Normal (i, o

2),

both varying from 1 to 100.

» X-axis represents [u; o?] values both varying from 1 to 100.



No Significant variable and Contaminatinga  10%

T-value Variations

4 :
T T T o
VA VA RobusIGLM ]
//:/_,_ Triming®?
o —— Tvalue=2 ||
i i i i i i i i i
o 10 20 30 40 50 60 70 80 %0 100
B1 Variations
T T T T T T T T
GLM
—— RobustGLM
a4 ——— MahaGLM
imi
S Real-Betal
_ i i i i i i i i
(] 10 20 30 40 50 60 70 80 % 100
B0 Variations
T
m
= RobusiGLM
MahaGLM
-2 Triming®
Real-Beta0
- -l
L L L L L L L L L
(] 10 20 30 0 50 60 70 80 %0 100

» Normal (i, 1), w varying from 1 to 100.
» X-axis represents p values varying from 1 to 100.



Robustness:a fast review
Central Region: bivariate case
Central Region: functional case
General Linear Model (GLM)

Robust GLM, with an explanatory variable
Contaminating a 5%
Contaminating a 10%

Robust GLM, Multiavarite case
Contaminating a 5%
Contaminating a 10%

Non parametric estimators
Conclusions

Research Lines

«O>r «Fr «=>»

<

v



Non-parametric estimation for X

Pearson correlation coefficient
The Pearson correlation matrix is related to the covariance
matrix by
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Our methodology basically changes in (1) the Pearson
correlation coefficient  p,(i, j) by a non parametric correlation
coefficient as:
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Non-parametric estimation for X

Pearson correlation coefficient
The Pearson correlation matrix is related to the covariance
matrix by

C(ij)

CG0CGT) @

pp(imj) =

Our methodology basically changes in (1) the Pearson
correlation coefficient  p,(i, j) by a non parametric correlation
coefficient as:

» Kendall py(i, )
» Spearman p(i, j)
» Robust version p, (i, 7)



Kendall

)= L3t

Spearman

63 d7

pS(%]) =1- 7’7,(7’7,2 — 1)

Robust version

Cr(i,5)
Cr(i,4)Cr (5, 7)

pr(i,jg) =

where,

Cr(3,j) = median {(z; — median(z;))(xz; — median(z;))}
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Conclusions

» We have introduced the fMRI problem and the importance of
using robust statistical techniques to study the brain

» A fast review of different approaches to estimate the
covariance matrix has been made

» The GLM is quite sensitive in the presence of outliers
» The fMRI based on GLM has very hight false discovery rate.

» The estimations introduced here improve the performance
of GLM
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Research lines

» Find good estimations for the variance and covariance
matrix and its properties

» Implement the estimations to the fMRI problem
» Find some criterium to know the optimal cut-off in the
robust estimations

» To design estimators with a good computational
performance in high dimensional data and big data
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